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It may be recalled that the rules of partial differentiation with respect to a given 
variable require the same procedure as that for ordinary derivatives. Furthermore, 
the partial derivative has essentially the same geometric interpretation as that for 
the derivative of a function of one variable [10]. Although the concept of the elastic 
strain energy and the associated mathematical operations are at times considered 
to be beyond the scope of interest to practical engineers, the record of development 
of some of the more popular formulas and methods should be an integral part 
of the engineer’s armory. The classical formula for uniaxial loading, Eq. (6.2), 
as well as other general expressions for strain energy indicate that the relevant 
functions involve the second degree of the external forces or displacements. The 
only necessary conditions for the energy concepts to apply include compliance with 
Hooke’s law, restriction of displacements to small values, and the assumption that 
these displacements do not alter the action of the external forces [5]. 

In exceptional cases where the material of the machine component obeys 
Hooke’s law but the displacements are not proportional to the loads, Castigliano’s 
formula, Eq. (6.5), does not apply. This situation occurs when the deformations 
affect the action of the external loads and the expression for strain energy becomes 
no longer a second-degree function. 


STRAIN ENERGY IN BENDING 


In many stress analysis problems, the deflections of beams are calculated with the 
aid of strain energy considerations. For the case of pure bending of a bar that is 
built in at one end and carries a bending couple M b at the other end (Fig. 6.2), 
the work done during the deflection is simply the area under the bending moment 
curve. Since the angular displacement is (f) 0 = M h L/EI and the energy stored in 
the bar is M h <f> 0 / 2, we get 
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The more general form of Eq. (6.6), applicable to all straight bars and all different 
bending moment distributions along the length of the bar, is obtained directly 
from the considerations of the elastic energy stored in an element of the bar dx and 
summing-up the energy for the complete length L 
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The term El, defining the product of the modulus of elasticity and the moment of 
inertia, is the flexural rigidity , used universally in many deflection formulas. It is 
also clear that since the bending moment is expressed in lb-in. units and dx is a 
linear dimension, the resultant dimensional value must be 
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